Let T = (T, w) be a weighted finite tree with leaves 1,
) , we say that a weighted tree T = (T, w) with leaves 1, ..., n realizes the family if D I (T ) = D I for any I.
In [11] Pachter and Speyer proved that, if 3 ≤ k ≤ (n + 1)/2 and {D I } I∈( {1,...,n} k
) is a family of positive real numbers, then there exists at most one positive-weighted essential tree T with leaves 1, ..., n that realizes the family (where "essential" means that there are no vertices of degree 2). We say that a tree P is a pseudostar of kind (n, k) if the cardinality of the leaf set is n and any edge of P divides the leaf set into two sets such that at least one of them has cardinality ≥ k. Here we show that, if 3 ≤ k ≤ n − 1 and {D I } I∈( {1,...,n} k
) is a family of real numbers realized by some weighted tree, then there is exactly one weighted essential pseudostar P = (P, w) of kind (n, k) with leaves 1, ..., n and without internal edges of weight 0, that realizes the family; moreover we describe how any other weighted tree realizing the family can be obtained from P. Finally we examine the range of the total weight of the weighted trees realizing a fixed family.
Introduction
For any graph G, let E(G), V (G) and L(G) be respectively the set of the edges, the set of the vertices and the set of the leaves of G. A weighted graph G = (G, w) is a graph G endowed with a function w : E(G) → R. For any edge e, the real number w(e) is called the weight of the edge. If all the weights are nonnegative (respectively positive), we say that the graph is nonnegative-weighted (respectively positive-weighted); if the weights of the internal edges are nonzero, we say that the graph is internal-nonzero-weighted and, if all the weights are nonnegative and the ones of the internal edges are positive, we say that the graph is internal-positive-weighted. For any finite subgraph G ′ of G, we define w(G ′ ) to be the sum of the weights of the edges of G ′ . In this paper we will deal only with weighted finite trees. Definition 1. Let T = (T, w) be a weighted tree. For any distinct i 1 , ....., i k ∈ V (T ), we define D {i 1 ,....,i k } (T ) to be the weight of the minimal subtree containing i 1 , ...., i k . We call this subtree "the subtree realizing D {i 1 ,....,i k } (T )". More simply, we denote D {i 1 ,....,i k } (T ) by D i 1 ,....,i k (T ) for any order of i 1 , ..., i k . We call the D i 1 ,....,i k (T ) the k-weights of T and we call a k-weight of T for some k a multiweight of T .
If S is a subset of V (T ), the k-weights give a vector in R ( S k ) . This vector is called k-dissimilarity vector of (T , S). Equivalently, we can speak of the family of the k-weights of (T , S). If S is a finite set, k ∈ N and k < #S, we say that a family of real numbers {D I } I∈( S k ) is treelike (respectively p-treelike, nn-treelike, inz-treelike, ip-treelike) if there exist a weighted (respectively positive-weighted, nonnegative-weighted, internal-nonzero-weighted, internal-positive-weighted) tree T = (T, w) and a subset S of the set of its vertices such that D I (T ) = D I for any k-subset I of S. If in addition S ⊂ L(T ), we say that the family is l-treelike (respectively p-l-treelike, nn-l-treelike, inz-l-treelike, ip-l-treelike). A criterion for a metric on a finite set to be nn-l-treelike was established in [4] , [14] , [15] :
) be a set of positive real numbers satisfying the triangle inequalities.
It is p-treelike (or nn-l-treelike) if and only if
, for all distinct a, b, c, d ∈ {1, ..., n}, the maximum of
Also the study of general weighted trees can be interesting and in [2] , Bandelt and Steel proved a result, analogous to Theorem 2, for general weighted trees: 
In [6] some results on graphs with minimal total weight among the ones realizing a given metric space were established. For higher k the literature is more recent, see [1] , [3] , [7] , [8] , [9] , [10] , [11] , [12] , [13] . Three of the most important results for higher k are the following: 
Then there exists a positive-weighted tree
, the quartet system of T ′ is contained in the quartet system of T and, defined T ≤s the subforest of T whose edge set consists of edges whose removal results in one of the components having size at most s, we have ) is realized by more than one (positive-)weighted tree, can we say something about the ones, among the weighted trees realizing the family, that have maximum/minimum total weight (if they exist)? To state our results we need the following definition.
Definition 7.
Let k ∈ N − {0}. We say that a tree P is a pseudostar of kind (n, k) if L(P ) = n and any edge of P divides L(P ) into two sets such that at least one of them has cardinality greater than or equal to k. (10, 8) We prove that, if 3 ≤ k ≤ n − 1, given a l-treelike family of real numbers, {D I } I∈( {1,...,n} k ) , there exists exactly one internal-nonzero-weighted pseudostar P of kind (n, k) with leaves 1, ..., n and no vertices of degree 2 such that D I (P) = D I for any I; it is positive-weighted if the family is p-l-treelike. Moreover, any other tree realizing the family {D I } I and without vertices of degree 2 is obtained from the pseudostar by a certain kind of operations we call "OI operations" and by inserting some internal edges of weight 0 (see Definition 11 and Theorem 16). In particular we get that the statement of Pachter-Speyer Theorem holds also for general weighted trees. Finally, in §4, given a p-l-treelike family {D I } I∈( {1,...,n} k ) in the set of positive real numbers, we examine the range of the total weight of the trees realizing it and we show that the pseudostar of kind (n, k) realizing it has maximum total weight (see Theorem 18); then we study the analogous problem for l-treelike families in R (see Theorem 19).
2 Notation and some remarks Notation 8.
• Let R + = {x ∈ R| x > 0}.
• For any n ∈ N with n ≥ 1, let [n] = {1, ..., n}.
• For any set S and k ∈ N, let S k be the set of the k-subsets of S.
• Throughout the paper, the word "tree" will denote a finite tree.
• We say that a vertex of a tree is a node if its degree is greater than 2.
• Let F be a leaf of a tree T . Let N be the node such that the path p between N and F does not contain any node apart from N. We say that p is the twig associated to F . We say that an edge is internal if it is not an edge of a twig.
• We say that a tree is essential if it has no vertices of degree 2.
• Let T be a tree and let {i, j} ∈ E(T ). We say that a tree T ′ is obtained from T by contracting {i, j} if there exists a map ϕ :
is a set with only one element for any y = ϕ(i),
We say also that T is obtained from T ′ by inserting an edge.
• Let T be a tree and let S be a subset of L(T ). We denote by T | S the minimal subtree of T whose set of vertices contains S. If T = (T, w) is a weighted tree, we denote by T | S the tree T | S with the weight induced by w.
• Let T = (T, w) be a weighted tree. We denote w(T ) by D tot (T ) and we call it total weight of T .
• Let n, k ∈ N, n ≥ 3 and 1 < k < n. Given a family of real numbers {D I } I∈(
Definition 9. Let T be a tree. We say that two leaves i and j of T are neighbours if in the path from i to j there is only one node; furthermore, we say that C ⊂ L(T ) is a cherry if any i, j ∈ C are neighbours. We say that a cherry is complete if it is not strictly contained in another cherry. The stalk of a cherry is the unique node in the path with endpoints any two elements of the cherry. Let i, j, l, m ∈ L(T ). We say that i, j|l, m holds if in T | {i,j,l,m} we have that i and j are neighbours, l and m are neighbours, and i and l are not neighbours; in this case we denote by γ i,j,l,m the path between the stalk of {i, j} and the stalk of {l, m} in T | {i,j,l,m} . The symbol i, j|l, m is called Buneman's index of i, j, l, m.
Remark 10. (i) A pseudostar of kind (n, n − 1) is a star, that is, a tree with only one node.
(ii) Let k, n ∈ N − {0}. If n 2 ≥ k, then every tree with n leaves is a pseudostar of kind (n, k), in fact if we divide a set with n elements into two parts, at least one of them has cardinality greater than or equal to n 2 , which is greater than or equal to k.
Definition 11. Let k, n ∈ N − {0}. Let T = (T, w) be a weighted tree with L(T ) = [n] . Let e be an edge of T with weight y and dividing [n] into two sets such that each of them has strictly less than k elements. Contract e and add y/k to the weight of every twig of the tree. We call this operation a k-IO operation on T and we call the inverse operation a k-OI operation. 
Remark 12. It is easy to check that, if T = (T, w) and
Example. Let k = 5, n = 8. Consider the weighted trees in Figure 2 , where the labelled vertices are the numbers in bold and the other numbers are the weights. The tree on the left is not a pseudostar of kind (8, 5) because of the edge e; the tree on the right is obtained from the one on the left by a 5-IO operation on e. The 5-weights of the two trees are the same. The following proposition is the core of the proof of Theorem 16; it shows that Buneman indices of weighted pseudostars can be recovered from their k-weights. The result was known only for positive-weighted trees.
Proposition 13. Let k, n ∈ N with 2 ≤ k ≤ n−2. Let P = (P, w) be a weighted tree with 
for any R ∈ such that
and there exists R ∈
such that
Proof. (1.1) Obvious.
(1.2) Let P be as in the assumptions and suppose that D i,X (P) − D l,X (P) does not depend on X ∈
[n]−{i,l} k−1
. For every δ ∈ [n], let δ be the node on the path from i to l such that path(i, l) ∩ path(i, δ) = path(i, δ).
Suppose, contrary to our claim, that i and l are not neighbours. Therefore, on the path between i and l there are at least two nodes. For any a, b nodes in the path between i and l, we say that a ≤ b if and only if path(i, a) ⊂ path(i, b). Let x, y be two nodes on the path between i and l such that there is no node in the path between x and y apart from x and y; thus in the path between x and y there is only one edge since P is essential. Suppose x < y, see Figure 3 . We can divide [n] into two disjoint subsets:
Since P is a pseudostar of kind (n, k), then either #X ≥ k or #Y ≥ k; suppose #X ≥ k (we argue analogously in the other case); let γ 1 , ..., γ k−1 be distinct elements of X − {i} with γ k−1 = x. Up to interchanging the names of γ 1 , .., γ k−2 (and correspondingly the names of γ 1 , ..., γ k−2 ), we can suppose
If k ≥ 3, we have:
Figure 3: Neighbours in pseudostars
Since the first members of the equalities above are equal by assumption, we have that
that is w(path(l, x)) = w(path(l, y)), thus the weight of the edge {x, y} must be 0, which contradicts the assumption. If k = 2, we have: , η) ) − w(path(l, η)) = w(path(i, y)) − w(path(l, y)).
Since the first members of the equalities above are equal, we must have that the weight of the edge {x, y} must be 0, which contradicts the assumption. 
Analogous formulas hold for D i,l,R (P), D j,m,R (P), D j,l,R (P) and we can easily prove our statement. If A ′ is a star, we argue analogously. such that j ′ is the minimum node strictly greater than j. We could possibly have j ′ = m and m ′ = j or j ′ = m ′ . In Figure 4 we sketch the situation in case j ′ < m ′ . Since P is a pseudostar of kind (n, k), we have:
• First suppose that there exists s ∈ [n] − {i, j} such that s ≤ j and there exists t ∈ [n] − {l, m} such that t ≥ m. From (3) and (4) we get (2) holds.
• Now suppose that there exists s ∈ [n]−{i, j} such that s ≤ j and there does not exist t ∈ [n]−{l, m} such that t ≥ m (analogously if the converse holds). Then #{x
R contains s and m ′ , we conclude as above that (2) holds.
• Finally, if there does not exist s ∈ [n]−{i, j} such that s ≤ j and there does not exist t ∈ [n]−{l, m} such that t ≥ m, then (a) holds. By considering the path between i and m, we get analogously that either (1) holds or (a) holds.
The following proposition characterizes Buneman indices in terms of k-weights in the case k = 3. Proposition 14. Let n ≥ 5. Let P = (P, w) be an essential and internal-nonzero-weighted tree with it is a pseudostar of kind (n, 3) ). Let i, j, l, m ∈ [n].
We have that i, j|l, m holds if and only if at least one of the following conditions holds:
(a) there exists r ∈ [n] − {i, j, l, m} such that the inequality
holds and the inequalities obtained from this by swapping i with j and/or l with m hold. (b) for any r ∈ [n] − {i, j, l, m}, the following inequalities hold:
Proof. ⇒ Let x be the stalk of the cherry {i, j} in P | i,j,l,m and let y be the stalk of the cherry {l, m} in P | i,j,l,m . Suppose first that in V (γ i,j,l,m ) there are some nodes of P different form x and y; call c the node of P in V (γ i,j,l,m ) − {x, y} such that path(x, c) ⊂ path(x, c ′ ) for any c ′ node of P in V (γ i,j,l,m ) − {x, y} (that is c is the node in γ i,j,l,m "nearest" to x). Let r ∈ [n] be such that path(x, y) ∩ path(x, r) = path(x, c). For such an r, we have the inequalities in (a), in fact the edge {x, c} has nonzero weight by assumption. Thus, if (a) does not hold, then there are no nodes of P in V (γ i,j,l,m ) − {x, y}, hence γ i,j,l,m is an edge; by assumption w(γ i,j,l,m ) = 0 and we can prove easily that (b) holds. ⇐ We can easily prove that, if (a) holds or (b) holds, then P | i,j,l,m is not a star and i, m|j, l and i, l|j, m do not hold. In fact, by part 1 of Proposition 13, the D I for I ∈
[n] k determine the complete cherries of an internalnonzero-weighted essential pseudostar P = (P, w) of kind (n, k) with L(P ) = [n] and realizing the family {D I } I ; so, by part 2 for k ≥ 4 they determine its Buneman's indices. For k = 3 we can use Proposition 14.
k ) be a family of real numbers. If it is l-treelike, then there exists exactly one internal-nonzero-weighted essential pseudostar P of kind (n, k) realizing the family. Any other weighted essential tree realizing the family {D I } I can be obtained from P by k-OI operations and by inserting internal edges of weight 0.
If the family {D I } I∈(
[n] k ) is p-l-treelike, then P is positive-weighted and any other positive-weighted essential tree realizing the family {D I } I can be obtained from P by k-OI operations.
Proof. Let T = (T, w) be a weighted tree with L(T ) = [n] and realizing the family {D I } I∈(
[n] k ) . Obviously we can suppose that it is essential. By k-IO operations and contracting the internal edges of weight 0 we can change T into an internal-nonzero-weighted essential pseudostar P of kind (n, k); it realizes the family {D I } I by Remark 12. If T is positive-weighted, obviously also P is positive-weighted. If k = n − 1, it is easy to see that there exists at most a weighted essential star with leaves 1, ..., n realizing the family {D I } I .
Suppose k ≤ n−2. By Corollary 15, the D I for I ∈
[n] k determine determine the Buneman's indices, and then they determine P , in fact it is well known that the Buneman's indices of a tree determine the tree (see for instance [5] ). We have to show that the D I determine also the weights of the edges of P. The argument is completely analogous to the proof of the theorem in [11] ; we sketch it for the convenience of the reader. Let e be an edge of P which is not a twig. Then there exist i, j, l, m ∈ [n] such that e = γ i,j,l,m (see Definition 9 for the meaning of γ i,j,l,m ); since P is a pseudostar of kind (n, k), there exists R ∈
[n]−{i,j,l,m} k−2
such that e is not an edge of P | R . Then
so w(e) is determined by the D I . For any I ∈
[n] k we have that
where e i denotes the twig associated to i. So, for any i, j ∈ [n] and for any S ∈
[n]−{i,j} k−1
, we have:
w(e) .
Hence the difference of the weights of the twigs is determined by the D I . From the formula (5) we get the weight of every twig.
Corollary 17. The statement of Pachter-Speyer Theorem holds also for general weighted trees.
Finally we point out that the unicity statement of Theorem 16 in the case of positive-weighted trees has been already proved (even if not stated), in fact it follows from Theorem 5.
The range of the total weight
Let {D I } I∈(
[n]
k ) be a p-l-treelike family in R + . If 2 ≤ k ≤ (n+1)/2 we know that there exists a unique positive-weighted essential tree T = (T, w) with L(T ) = [n] and realizing the family (see Theorem 6) . On the other hand, for k > (n + 1)/2 this statement no longer holds and, if we call U the set of all positive-weighted trees realizing the family {D I } I , we can wonder which is the range of the total weight of the weighted trees in U.
Theorem 18. Let k, n ∈ N with 3 ≤ k ≤ n − 1. Let {D I } I∈( 
and the supremum is attained only by P;
where m is the minimum among the weights of the twigs of P; the infimum is not attained.
Proof. (i) Let T = (T, w) be a weighted tree in U. Without changing the dissimilarity family and the total weight we can suppose that it is essential. By using several k-IO operations, we can transform it into a pseudostar of kind (n, k). By Remark 12 the dissimilarity family does not change, so, by Theorem 16, the pseudostar of kind (n, k) we have obtained must be the unique essential pseudostar of kind (n, k) in U, that is P. By Remark 12 we have that
(ii) Suppose #U > 1. Then we can make a k-OI operation on P: we add an edge of weight kx, where x < m, in such a way that the edge divides the tree in two trees each with less than k leaves, and we subtract x from the weight of every twig of P. Let T be the tree we have obtained. We have
Finally, let A ∈ U. Without changing the dissimilarity family and the total weight we can suppose that it is essential. We can transform A into P by several k-IO operations, contracting edges with weights y 1 , y 2 , ...y s and adding 
Furthermore, since, to obtain P from A, we have added y 1 +y 2 +...+ys k to the weight of every twig, we have that m > y 1 + y 2 + ... + y s k .
Thus, from (6) and (7) we get:
The following theorem answers the analogous problem for general weighted trees.
Theorem 19. Let k, n ∈ N with 3 ≤ k ≤ n − 1. Let {D I } I∈( Proof. (i) Let P and P ′ be in U. Denote byP andP ′ the weighted trees obtained respectively from P and P ′ by contracting the internal edges of weight 0. Let P and P ′ be the weighted essential trees equivalent respectively toP andP ′ . Obviously both P and P ′ pseudostars of kind (n, k) and realize the family {D I } I ; so, by Theorem 16, they are equal. Thus D tot (P) = D tot (P ′ ), therefore D tot (P) = D tot (P ′ ). (ii) Let T = (T, w) be an element of U that is not a pseudostar of kind (n, k); then there is an edge e dividing the tree into two trees such that each of them has less than k leaves. Let z ∈ R. We define on T a new weight w ′ as follows: w ′ (e) := w(e) + z;
for every twig t, w ′ (t) := w(t) − 1 k z;
for any edge e different from e and not contained in a twig, we define w ′ (e) = w(e). Let T ′ = (T, w ′ ). We have that D I (T ′ ) = D I for any I ∈
[n] k , so T ′ ∈ U. Furthermore
Hence lim z→−∞ D tot (T ′ ) = +∞, while lim z→+∞ D tot (T ′ ) = −∞.
